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Merits of particle method 

 Proceeds without topological connection 
among computational nodes (meshless) 

 Lagrangean treatment on convection term 
 Easy particle manipulations (addition and/or 

deletion) 
 Versatility in engineering problems 
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MPPM 

Moving particle method with embedded 
pressure mesh (MPPM) – 

Incompressible Flow Computations  
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Features of existing schemes 

 SPH, MPS, FVPM…. 
 Material particles (mass point, global mass 

conservation) 
 Operators realized with randomly particle 

cloud 
 Artificial compressibility or projection 

method for continuity constraint 
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Disadvantages of existing schemes 

 Inaccurate (inconsistent) operator realization 
(particle smoothing) 

 Incommensurate particle distribution 
(invariable length scale) 

 Incapable particle management  
 Assignment of boundary condition 
 Computationally inefficient (Pressure 

equation) 
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Motivation: role of pressure 

 Continuity constraints – Langragian or 
Eulerian? 

 Governing equation without convection term 
 Two types of computational particles: 

Langragian velocity/Eulerian pressure 
 Velocity particle liberated from mass 

constraint 
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Essentials of present proposition (1) 

 Inserted pressure mesh to realize pressure-
related operators 

 Background mesh and length scale 
 Projection method for continuity constraint 
 Local mass conservation 
 Particle as observation point 
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Essentials of present proposition (2) 

 No particle management constraint 
 Feasible non-uniform distribution 
 No special boundary treatment 
 Constant and diagonally dominant 

coefficient matrix of pressure equation  
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Governing equations 

 Continuity 
 
 

 Momentum 
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Projection method 

1. Intermediate step 
 
 

2. Pressure step 
 
 

3. Final step 
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Pressure mesh 
 Continuity 

 
 
 

 Facial velocity splitting 
 
 
 
 

n 1 n 1 n 1 n 1
e w n s(u u ) y (v v ) x 0+ + + +− ∆ + − ∆ =

n 1 n 1
n 1 * E P
e e

t p pu u
x

+ +
+ ∆ −

= −
ρ ∆



12 

Pressure equation 
 
 
 
 
 

 Facial velocity interpolation 
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Pressure gradient 

 Shape function 
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Velocity Diffusion 

 Particle smoothing 
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Pure convection 
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Pure convection 
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Lid-driven cavity 

Particle velocity Particle distribution 

Streamlines at various computation times Reference streamlines 
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Lid-driven cavity 

Re=1000 
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Lid-driven cavity 

Recirculation flow rate 



20 Vertical velocity 

Horizontal velocity 
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Weird consequences 

 Pronounced solution variations in low-
Reynolds number flows 

 Inaccurate results with denser particle 
distribution  
 

Inaccurate diffusion operators? 
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Analysis of Laplacian operator 
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Smoothing difference 

 
 
 
 
 

 gradient model 
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Smoothing difference 

 
 
 
 
 

 Laplacian model 
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Smoothing difference 

 
 
 
 
 

 difference equation: 

=Cq b

T
x y xx xy yy( , , , , )= φ φ φ φ φq

O( )δ



26 

Three-point stencil 

 
 
 
 
 

(0) 0,Φ = (1) 1,Φ = *( )Φ δ = φ

δ

φx

−60

−40

−20

0

20

PS
SD and exact

δ

δ

-1.0 -0.8 -0.6 -0.4 -0.2

φx

−20

0

20

40

60

δ

-1.0 -0.8 -0.6 -0.4 -0.2 0.0

φ*=2.

φ*=-0.5

φ*=0.5

φ*=-2. δ

φxx

−20

0

20

40

60

PS
SD and exact

δ

δ

-1.0 -0.8 -0.6 -0.4 -0.2

φxx

−60

−40

−20

0

20

δ

-1.0 -0.8 -0.6 -0.4 -0.2 0.0

φ*=2.

φ*=-0.5

φ*=0.5

φ*=-2.

Gradient                                          Laplacian 



27 

Analysis of Laplacian operator 

 
 
 
 
 

 One-dimensional case  
i

C

(i 1) ( 0.5)x
n

− + α ξ −
=

a=0.3: (a) nC=8; (b) nC=16. 
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Analysis of Laplacian operator 
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Analysis of Laplacian operator 

 
 
 
 
 

 Two-dimensional case  

(a)particle; (b)exact (c)PS; (d)SD. 
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Analysis of Laplacian operator 
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Pure conduction 

 
 
 
 
 



32 

Pure conduction 
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Cavity flow 
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Cavity flow 
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Cavity flow 

 
 
 
 
 

PS (t 100)= SD (t 100)= FV
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Cavity flow 

 
 
 
 
 

PS (t 100 105)= − SD (t 100 105)= − FV
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Cavity flow 
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Backward facing step flow 
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Backward facing step flow 
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Backward facing step flow 
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Backward facing step flow 
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Backward facing step flow 
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Backward facing step flow 
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CPU time 
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Axisymmetric: pure convection  
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Axisymmetric: developing pipe flow   
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Axisymmetric: developing pipe flow   

 
 
 
 
 

u/um

r/r0

0.0

0.2

0.4

0.6

0.8

1.0

Re=200
Re=300
Re=400
Sparrow et al.

0 0.5 1

x*=
0.001

x*=
0.005

x*=
0.02

x*=
0.03

x*=
0.05

x*=
0.08

x*=0.12



48 

Axisymmetric flow: confined impinging jet  
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Axisymmetric flow: sudden expansion  
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Axisymmetric flow: sudden expansion  
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CPM 

Characteristic particle method (CPM) – 
Hyperbolic Equation Systems 
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緣起 
 Water hammer project 
 Godunov-type finite-volume 

method 
 Particle method 
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Governing Equations (1) 
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Governing Equations (2) 
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Governing Equations (3) 
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Characteristic Analyses(1) 
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Characteristic Analyses(2) 

−∂ ∂
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Characteristic Analyses(3) 
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特徵線法MOC 
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Particle Method 
 Moving along characteristic line 
 No convection term error 
 Adaptive 
 Dual particles 
 Particle interactions 
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Regular Particles (Transmitted) 
1. For the right-running characteristic,  

 
 
 

2. For the left-running characteristic, 
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Regular Particles (Interpolated) 
(i) For the right-running characteristic,  

 
 
 

(ii) For the left-running characteristic, 
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Regular Particles  
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Particle Management 
(i) Addition,  
 

 
 
 

(ii) Merge, 
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Shock Particle (1) 
(i) Conservation form  
 

 
 

(ii) Rankine-Hugoniot relation 
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Removal of a particle 
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Boundary Condition 
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Particle Trajectory 
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Linear Problem 
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Burger's Equation (1) 
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Burger's Equation (2) 

x
-1.0 -0.5 0.0 0.5 1.0

u

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
exact
t=0
t=0.1
t=0.3
t=0.5

time
0.0 0.2 0.4 0.6 0.8 1.0

u

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

exact
particle method

u( x,0 ) sin( 2 x )= π



72 

Sudden Valve Closure (1) 
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Sudden Valve Closure (2) 
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0v 10
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Sudden Valve Closure (3) 
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Valve Closure Over Finite Time (1) 
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Valve Closure Over Finite Time (2) 
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Start-up and Evolution to Steady State(1) 
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Start-up and Evolution to Steady State(2) 
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Periodic Forcing (1) 
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Periodic Forcing (2) 

t

h/h0

0.2

0.4

0.6

0.8

1.0

1.2

t
0 4 8 12 16 20 24

v/v0

0.98

1.00

1.02

1.04

present
x=0.1 (analytical, 200 terms)
x=0.3 (analytical, 200 terms)
x=0.5 (analytical, 200 terms)
x=0.7 (analytical, 200 terms)
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Sound speed variations (1) 

x
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

u/u0

-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2

h/h0

0
2
4
6
8

10
12
14

present, ∆x=1/400
MOC, ∆x=1/800
MOC, ∆x=1/3200

t=0.6t=1.0 t=0.75

t=0.6t=1.0 t=0.9

t=0.9t=1.1

t=1.1 t=0.75

t=1.1

t=1.1
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Sound speed variations (2) 
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Sound speed variations (3) 

x
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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0.4
0.6
0.8
1.0
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0
2
4
6
8

10
12
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a*=0.8
a*=1.0
a*=1.2

t=0.85
t=1.2

t=1.0

t=0.85

t=1.2

t=1.0

t=1.2

t=1.2
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Branch 

x
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

h/h0

t=0.5
t=0.8, a*=1.0
t=1.0, a*=1.0
t=1.3, a*=1.0
t=0.8, a*=1.2
t=1.0, a*=1.2
t=1.3, a*=1.2
t=0.8, a*=0.8
t=1.0, a*=0.8
t=1.3, a*=0.8

t=0.8

t=1.3

t=1.0

Branch B

Branch A

t=1.3

t=1.3

t=1.0

t=1.3

t=1.3

t=1.0

t=0.8

t=0.8

0

5

10

5

10

15

15

Branch L
Branch R

RJIL
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Sudden Valve Closure (1) 

0h( x,0 ) h (1 x )= − 0v( x,0 ) v=IC: 

0h(0,t ) h= 00

0

t tv
v(1,t )

t t0
<

=  ≥
BC: 
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Sudden Valve Closure (2) 

x

h

-0.1

0.0

0.1
t=0.5t=1.0t=1.5 t=2.0

t=4.0 t=2.5t=3.0t=3.5

x
0.0 0.2 0.4 0.6 0.8 1.0

v

-0.1

0.0

0.1

t=0.5t=1.0

t=1.5 t=2.0 t=2.5t=3.0

t=3.5 t=4.0

−= 1
0v 10
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Shock Tube Problem (1) 

x
0.0 0.2 0.4 0.6 0.8 1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

exact
h (t=0.2)
h (t=0.5)
v (t=0.2)
v (t=0.5)

=L L( h , v ) ( 2,0 ) =R R( h , v ) (1,0 )
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Shock Tube Problem (2) 

=L L( h , v ) (1,0 ) = −R R( h , v ) (1, 1)

x
0.0 0.2 0.4 0.6 0.8 1.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

exact
h (t=0.2)
h (t=0.5)
v (t=0.2)
v (t=0.5)
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Shock Tube Problem (3) 

= −L L( h , v ) (1, 1) =R R( h , v ) (1,0 )

x
0.0 0.2 0.4 0.6 0.8 1.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

exact
h (t=0.2)
h (t=0.5)
v (t=0.2)
v (t=0.5)
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Valve Action (1) 

p

1.00

1.01

1.02

x

p

1.0

1.1

1.2

x
0 2 4 6 8 10

p

0.5

1.0

1.5

2.0
finite volume (UD)
finite volume (van Leer)
particle method

∆u=∆p=0.01

∆u=∆p=0.1

∆u=∆p=0.5
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Valve Action (2) 

x
0 2 4 6 8 10
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p
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1.5

2.0
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1.5

2.0
finite volume (UD)
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t=8

t=2
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Valve Action (3) 

x

tim
e

0 2 4 6 8 100

2

4

6

8

10

12

14

x

tim
e

0 2 4 6 8 100

2

4

6

8

10

12

14

x

tim
e

0 2 4 6 8 100

2

4

6

8

10

12

14

UD                                             Van Leer                                   Present 



93 

Open Channel 

x

0.2 0.3 0.4 0.5 0.6 0.7 0.8

v

0.0

0.5

1.0

1.5

2.0 exact
SPH (n=1000), Chang et al.
SPH (n=5000), Chang et al.
present (n=64)

x

0.2 0.4 0.6 0.8 1.0

v

0.0

0.5

1.0

1.5

2.0 exact
FV (n=120), Ying et al.
present (n=64)
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Tidal bore 

x
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

b
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3
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Two-phase flow 

x
0.0 0.2 0.4 0.6 0.8 1.0
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Traffic flow (LWR model) 

x
-1.0 -0.5 0.0 0.5 1.0

ρ
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δx=0.025



97 

Traffic flow (Payne model): Branch 
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Traffic flow (Payne model): Red-Green 
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Gas dynamics 
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Gas dynamics 
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