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 In hydraulic engineering, river 

flooding (overbank flow and mud 

flow) and river pollution are both 

concerned problems. 

 How to predict discharge, depth 

and concentration is a key issue. 
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Goal 

Combining the efficiency of 1D model and the accuracy of 2D 

model. 

 For large river systems. 1D hydrodynamic models are 

extensively used due to their efficiency. Besides, 2D 

hydrodynamic models are also adopted to enhance the 

accuracy. 



SPH-SWEs MODEL 
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SHALLOW WATER EQUATIONS 
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Depth-averaged 

Area-averaged 

3D Navier-Stokes equations 

2D shallow water equations 

1D shallow water equations 
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1D shallow water equations 
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2D shallow water equations 

In the above, 
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A is the wetted cross-section area,  

dw is the water deoth, 

Q is the discharge,  

U is the velocity, 

zb is the ground elevation, 

Sf is the friction slope and 

g is the gravity acceleration. 

P=γdw=ρgdw= ρc2, 

where c is the celerity. wc gd

Pressure is assumed to be hydrostatic 
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(1) The integral of a kernel function within its 

compact domain should be equal to one. 
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SMOOTHED PARTICLE HYDRODYNAMICS 
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(3) The kernel function should be compactly 

supported. 

(2) As the smoothing length h approaching zero, the 

kernel function will become a Dirac delta function. 

(4) The kernel function is assumed to be symmetric. 
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   di ir r r V  


 

 Summation operator 

where m is the mass of a particle,  

 ρ is the density of a particle,  

 ω is the kernel function, 

 h is the smoothing length and 

 <ϕ>i denotes approximated ϕi.  
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 Differential operator 

Discretization into particles 
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Discretization into particles 
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 Using the differential operator  
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Divergent operator in the asymmetric form 

Gradient operator in the symmetric form 
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 Using the differential operator  

Ref. 1) GR Liu, MB Liu, (2003). Smoothed particle hydrodynamics: A 

meshfree particle method, World Scientific, Singapore. 
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2. Density diffusive term 

I. Artificial viscous term 
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Ref. 1) JJ Monaghan, Rep Prog Phys, 68: 1703-1759, 2005. 

 2) M Antuono et al., Comput Phys Commun, 183: 2570-2580, 2012. 

,ij ij ijh c Kinetic viscosity where  0.5 ,ij i jh h h   0.5 ,ij i jc c c 

2.0. 

,ij ij ijD h c where  0.5 ,ij i jh h h   0.5 ,ij i jc c c  2.0. 



TIME MARCHING METHOD 
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Ref. 1) D Molteni, A Colagrossi, Comput Phys Commun, 180: 861-872, 2009. 

Modified Verlet method 
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WALL BOUNDARY 
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Repellent particle 
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wall boundary 
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Ref. 1) S Adami et al., J Comput Phys, 231: 

7057-7075, 2012. 

 2) B Bouscasse et al., J Fluid Struct, 42: 

112-129, 2013. 

Ref. 1) JJ Monaghan, A Kos, J Waterw Port 

C-ASCE, 125: 145-154, 1999. 
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wall boundary 

f1 

g1 g1 g1 

f1 

wall boundary 

g2 g1 
g3 

f2 

f3 

 Plane-symmetry 

Ghost particle 

 Point-symmetry 

Ref. 1) A Colagrossi, M Landrini, J Comput 

Phys, 191: 448-475, 2003. 

Ref. 1) A Ferrari et al., Comput Fluids, 38: 

1203-1217, 2009. 

 2) R Vacondio et al., Int J Numer Meth 

Fl, 69: 226-253, 2012. 
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wall boundary 
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For no-slip boundary 
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Ref. 1) S Adami et al., J Comput Phys, 231: 7057-7075, 2012. 

 2) B Bouscasse et al., J Fluid Struct, 42: 112-129, 2013. 
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wall boundary 
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Impermeable boundary condition 

 

Ref. 1) S Adami et al., J Comput Phys, 231: 7057-7075, 2012. 

 2) B Bouscasse et al., J Fluid Struct, 42: 112-129, 2013. 



IN/OUT-FLOW BOUNDARY 
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Ref. 1) R Vacondio et al., Int J Numer Meth Fl, 69: 226-253, 2012. 

 2) TJ Chang, KH Chang, J Hydraul Eng-ASCE, 139:1142-1149, 2013. 
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Characteristics equations 
 Subcritical flows at outflow boundaries 

 Subcritical flows at inflow boundaries 

Ref. 1) TJ Chang, KH Chang, J Hydraul Eng-ASCE, 139:1142-1149, 2013. 
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2h 2h 

h h Inflow 
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outflow 
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Ref. 1) R Vacondio et al., J Hydraul Eng-ASCE, 138: 530-541, 2012. 

 2) TJ Chang, KH Chang, J Hydraul Eng-ASCE, 139:1142-1149, 2013. 



COUPLED BOUNDARY 
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2h 

Ref. 1) M Narayanaswamy et al., J Hydraul Res, 48:85-93, 2010. 
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RESULTS & DISCUUSION 
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CASE 1 – 180° BENDING CHANNEL 
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Q= 

0.0123m3/s 

dw= 

0.058m 

6m 

3m 

B=0.8m 

2D domain 

1. dw/B<<1 (=0.075 in this case) 

2. No slip boundary condition will produce flow separation from 

the inner sidewall which was not observed in the laboratory. 
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1m 

B=0.8m 

1D & 2D domain 

5.1m 

Q= 

0.0123m3/s 

dw= 

0.058m 

3m 
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 Comparison between 2D and 1D-2D SPH-SWEs models 

∆x0=0.025m 
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29 

 Comparison among measured data, FD model and 1D-2D 

SPH-SWEs model 

∆x0=0.0125m 
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∆ 
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 Comparison of mass conservation between 2D and 1D-2D 

SPH-SWEs models 



CASE II: 90 JUNCTION CHANNEL 
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B=0.9m 
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0.296m 
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CASE II: 90 JUNCTION CHANNEL 
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y/B=0.833 

(xo,yo) 
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y/B=0.5 

(xo,yo) 
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y/B=0.167 

(xo,yo) 
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SUMMARY 
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Case I (150s) 

No. of 

particles 
CPU time (sec) Speed up 

2D  model 15238 1.13E+05 - 

1D-2D model 
2D: 8999 

1D: 296 
6.90E+04 1.63 

Case II (130s) 

No. of 

particles 
CPU time (sec) Speed up 

2D  model 23472 6.83E+04 - 

1D-2D model 
2D: 9792 

1D: 416 
2.34E+04 2.9 
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