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Review on Modified Poisson-Boltzmann  
(MPB) equations with steric effects 
 
 
 
 
 

 



MPB equation 

 

Two counterions with the same size   (cf. [1]) 

 

  
   

   
   : electrostatic potential   

  : elementary charge                                           : thermal energy                

  : bulk concentration                                             : dielectric constant   

   : the valence of the negative ion                 : the valence of the positive ion 

                 

[1] Borukhov, Andelman and Orland (1997) Steric Effects in Electrolytes: A Modified Poisson-Boltzmann Equation, PRL 

 



MPB equation   

 

Two counterions with the same size   (cf. [1]) 

 

 

 

                    

 

 

 

 

Standard Poisson-Boltzmann 

equation 

Electroneutrality 



MPB equation 

 

Two counterions with the same size   (cf. [1]) 

 

 

 

                    

 

       
 

      
 

     
                

 

Standard Poisson-Boltzmann 

equation 



MPB equation 

 

Two counterions with the same size   (cf. [1]) 

 

Free Energy         

     
  

 
                    

       

    
   

  
                                                               

 

  

  
                              Poisson’s Equation   

  

                            Modified Boltzmann distribution       



MPB equation 

Modified Boltzmann distribution (continued)  

   
     

    
   

 

      
     

    
   

 
     

 
    
   

 
 

     

  

   
     

 
    
   

 

      
     

    
   

 
     

 
    
   

 
 

     

  

 

If  the size of two ions are not  the same, then    and    satisfy a coupled system of  nonlinear algebraic 
equations 

  

   
       

  

   
   

  

which cannot be solved explicitly.  [2] 

 

[2] Li,  Liu,  Xu,  Zhou (2013) Generalized Boltzmann Distributions, Counterion Stratification, and  

     Modified Debye Length Nonlinearity 



 

 

 

 

 

A New Poisson-Boltzmann equations with 
steric effects 

 

 

 

 

 

 



The PB_ns Equation  

 

[3] Y. Hyon, B. Eisenberg and C. Liu (2010-2012  JCP, CMS, DCDS-A)  

[4] T.C. Lin and B. Eisenberg (2014 CMS) 

 

 



The PB_ns Equation  

 

‧Repulsive free energy for electrolyte solutions         

                                  
 

 
               

                
 

 

‧                                 
 

 
              

 

   : radius of ith ion species   

    ‘s are positive energy constants due to ion-ion interaction  

 

 

 

 



The PB_ns Equation  

 

 

‧The variation of    gives our PB_ns equatoin 

                      
 

    

                 
 

 

 

 

 

 



The PB_ns Equation  

 

 

‧The variation of    gives our PB_ns equatoin 

                      
 

    

                 
 

 

Main study:  Focus on the model with one cation and one anion species (e.g.  
                       NaCl or CaCl2) 
  (i) Consider the case of                and compare the PB_ns  

       equation with the MPB equation as     . 

 

 (ii) Analyze the uniqueness result for the two component of algebraic equations. 

 



The PB_ns Equation  

 

 

‧Simple case: NaCl Solution with             
               

  
          

               
  

          

                   

 

 

 

 

 

 



The PB_ns Equation  

 

 

‧Simple case: NaCl Solution with             
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Standard Poisson-Boltzmann 

equation 

 



The PB_ns Equation  

Boundary condition 

‧The capacitance effect of the electric double layer gives 

    
  

  
 
  

                                      

   : thickness of Stern layer 

 

 

 

Normal electric 

field at the surface 



The PB_ns Equation  

Existence and Uniqueness 
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The PB_ns Equation  

Existence and Uniqueness 
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Existence and Uniqueness 
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‧Energy functional            
  

  
         

   

      
 

   

     
             

               

    
  

  
          

  
 

 

 

 

 



The PB_ns Equation  

Existence and Uniqueness 
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‧Energy functional            
  

  
         

   

      
 

   

     
             

               

    
  

  
          

  
 

 

Theorem 1 

Assume that Ω is a bounded domain with  Ω      Let     and    . Then the 

equation (1.1) with the boundary condition (1.2) has a unique solution 

                



The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 

 

 Theorem 2 
(i) There exist C and M independent of    such that  

        
 

 
   

      
    

      
                 

(ii)                      in         as      where 
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(iii)            as      where     is determined by  

 
   

  
                 

    

    
   

 

  

            
    

              
 
    

    
       

 

    

       Here we assume 
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The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 
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   is related to the total bulk volume fraction of ions 

 



The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 

 

           
   
      

 
   
      

                                                    
         

   

    

             
   

    

        

                                                                                                            

 

 

 

 

 



The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 

 

           
   
      

 
   
      

                                                    
         

   

    

             
   

    

        

                                                                    Same with Andelman’s MPB equation 

MPB Equation with q1＝q2＝1 

 

 



The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 
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is equivalent to the equation 

         
  

  
   

                 
   

      
 

   

       

 

Conclusion: When            , the PB_ns equation and the MPB 

equation have same asymptotic behavior at interior points, however, 

have different asymptotic behavior at boundary points. 

  



The PB_ns Equation   

Limiting behavior (   ): 1-dimensional case 

PB_ns equation 

 

 
                 

     

MPB equation 

 
  

                 
     

 
     

   
  
  

 

 

Theorem 3 

        Assume that q1 and q2 are positive constants and g11＝g22＝g12. For      

and      let   be the unique classical solution of the PB_ns equation (1.1) with  

the boundary condition (1.5), and let   be the unique classical solution of the MPB 

equation (1.9) with the boundary condition (1.14). Then for any compact subset    

of the interval (-1,1), both   and   
 

     
   

  

  
 uniformly converge to zero in   

as   goes to zero.Moreover, we have        



The Main Results (continued) 
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The Main Results (continued) 
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The Main Results (continued) 

 

 

 



 

 

Thank you for your attention  


