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Introduction

We consider the following singularly perturbed elliptic problem

@:0 on 09,

(LNT) Au—u+uP=0, u>0 in Q, 5
14

where Q is a smooth bounded domain in R” with its unit outer

normal v, n > 2,1 < p < M2 for n > 3, while p > 1 for n = 2,

and ¢ > 0 is a small parameter.
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Background

Problem (LNT) is known as the stationary equation of the
Keller-Segel system in chemotaxes [KS, 1970].

ur = D1Au — xV - (uVe(v)) in Q x (0,400),

Vi = DoAv + k(u,v)in - Q x (0,400), (1.1)
u(x,0)=up >0, v(x,00=vw>0in Q, '
%u—0=9%on 0Q,

where u denotes the population of amoebae , and v is the
concentration of the chemical.
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It can also be viewed as a limiting stationary equation for the
Geirer-Meinhardt system in biological pattern formation
[GM,1972].

u=dAu—u+4% in Qx[0,T),

Vi=dhAv—v+Lin Qx[0,T), (1.2)
U—=0=%%on 02x[0,T),

where u, v represent respectively the concentrations of two
substances, activator and inhibitor.

dAu—u+4 =0inQ,

DAv —¢v+ % =0inQ,

u>0, v>0inQ, (1.3)
ou _ 9v _
v ov

where p, g, r, s satisfy the condition 0 < % < g5
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Some Pioneering Works of Problem (LNT)

Point Concentration:

@ Lin, Ni and Takagi 88,91, 93: Existence of least energy
solution u. and asymptotic behavior (boundary spike).
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Some Pioneering Works of Problem (LNT)

Point Concentration:
@ Lin, Ni and Takagi 88,91, 93: Existence of least energy
solution u. and asymptotic behavior (boundary spike).
@ A general principle:
The location of interior spike is determined by the distance
function from 09.

Bates and Fusco, Dancer and Yan, del Pino, Felmer and
Wei, Grossi, Pistoia and Wei, Gui and Wei, Wei- - -
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Some Pioneering Works of Problem (LNT)

Point Concentration:

@ Lin, Ni and Takagi 88,91, 93: Existence of least energy
solution u. and asymptotic behavior (boundary spike).

@ A general principle:
The location of interior spike is determined by the distance
function from 0%2.

Bates and Fusco, Dancer and Yan, del Pino, Felmer and
Wei, Grossi, Pistoia and Wei, Gui and Wei, Wei- - -

@ Boundary spike are related to the mean curvature of the
boundary 012.

Bates, Dancer and Shi, Dancer and Yan, del Pino, Felmer
and Wei, Gui, Wei and Winter, Y.Y. Li, Wei, Wei and
Winter- - -
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@ Gui,Wei 00: Existence of multiple interior and boundary
spikes.
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@ Gui,Wei 00: Existence of multiple interior and boundary
spikes.

@ Lin,Ni,Wei 07: Showed that there are at least
number of interior spikes.

(e UOQF\)
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@ Gui,Wei 00: Existence of multiple interior and boundary
spikes.

@ Lin,Ni,Wei 07: Showed that there are at least
number of interior spikes.

@ See the review paper: J. Wei, Existence and Stability of
Spikes for the Gierer-Meinhardt System, HANDBOOK OF
DIFFERENTIAL EQUATIONS, Stationary Partial
Differential Equations, volume 5, 2008.

Cn
(¢llogel)”

AO, Weiwei Refined Finite-dimensional Reduction



Introduction
Main Results

Sketch of the Proof
Other Applications

Higher Dimensional Concentration sets :

@ Conjecture: ([Ni]) problem (LNT) possesses solutions
which have m-dimensional concentration sets for
0<m<N-1.
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Higher Dimensional Concentration sets :

@ Conjecture: ([Ni]) problem (LNT) possesses solutions
which have m-dimensional concentration sets for
0<m<N-1.

@ F. Mahmoudi, A. Malchiodi, M. Montenegro, 02,04,05,07:
F=0Qorl C 9Q: an embedded closed and
non-degenerate minimal submanifold of 9Q in R3(
Boundary concentration)
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Higher Dimensional Concentration sets :

@ Conjecture: ([Ni]) problem (LNT) possesses solutions
which have m-dimensional concentration sets for
0O<m<N-1.

@ F. Mahmoudi, A. Malchiodi, M. Montenegro, 02,04,05,07:
F=0Qorl C 9Q: an embedded closed and
non-degenerate minimal submanifold of 9Q in R3(
Boundary concentration)

@ A. Malchiodi, W. Ni and J. Wei: For a unit ball in R", radial
solution concentrating at N spheres: Uj’\; {Ix|=r}
(Clustered layers)

1 1 .
1—rf~slogg, rf_1—rf~alogg, j=2,---,N.
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@ Wei,Yang 07: T is a linesegment intersecting with the
boundary orthorgonally under some non-degeneracy
condition and a gap condition in R?. The gap condition
was dropped for R”, Ao, Musso and Wei 10(Interior
concentration).
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@ Lin, Ni and Wei 07:

Remark: It seems that the upper bound of the number of
interior spikes m is almost “best” possible, where the
constant C depend on n, 2, p, because of the boundary
mean curvature.

AO, Weiwei Refined Finite-dimensional Reduction



Introduction
Main Results

Sketch of the Proof
Other Applications

@ Lin, Ni and Wei 07:
Remark: It seems that the upper bound of the number of
interior spikes m is almost “best” possible, where the
constant C depend on n, 2, p, because of the boundary
mean curvature.

@ We shall address the question of the maximal possible
number of interior spikes??
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@ pis subcritical = solutions are uniformly bounded
(Lin-Ni-Takagi [LNT]).

The energy functional associated with (LNT) is
1
E.(u)= [ £2|Vul? uz—/up+1dz.
W= [ 2Avup e - [
By z =¢x,

= / |Vul]? + u? uﬁ“dx

Each spike contributes to at least O(c") energy— the
number of interior spikes can not exceed O(e~").
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Main Theorem

Theorem 1: (Ao, Wei and Zeng)

There exists an ¢y > 0 such that for 0 < £ < g9, and any
positive integer k satisfying

1<k<

6(Q7n>p) (14)

€
where 6(£2, n, p) is a constant depending on n, Q2 and p only,

problem (LNT) has a solution u. that possesses exactly k local
maximum points.
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Remark 1:

@ The upper bound for k is optimal.
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Remark 1:

@ The upper bound for k is optimal.

@ The only result on the optimal upper bound for the number
of spikes is the one-dimensional situation.

e’ — V(x)u+uP =0,u>0,uc H'(R). (1.5)

Felmer-Martinez-Tanaka 06: They constructed solutions to
(1.5) with € number of spikes.(By ODE method)
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Remark 1:

@ The upper bound for k is optimal.

@ The only result on the optimal upper bound for the number
of spikes is the one-dimensional situation.

e’ — V(x)u+uP =0,u>0,uc H'(R). (1.5)

Felmer-Martinez-Tanaka 06: They constructed solutions to
(1.5) with € number of spikes.(By ODE method)

© Felmer-Martinez-Tanaka 06,del Pino-Felmer-Tanaka, 02
Extension to Gierer-Meinhardt system .
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Sketch of the Proof

e Method: Localized energy method as in [GW],[LNW].

e There are two main difficulties. First, the distance between

spikes is assumed only to be O(g). In the Lyapunov-Schmidt

reduction process, we have to prove that all the estimates are
uniform with respect to the integer k.

e Second, we have to detect the difference in the energy when
spikes move to the boundary of the configuration space.
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@ By the following rescaling:
Z=eX, X € Q. :={ex € Q},
equation (LNT) becomes

Au—u+uP =0 inQ.
(LNTT) { u>0inQ., %4 =0 onoQ..
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@ By the following rescaling:
Z=eX, X € Q. :={ex € Q},
equation (LNT) becomes

Au—u+uP =0 inQ.
(LNTT) { u>0inQ., %4 =0 onoQ..

@ Associated with problem (LNT1) is the energy functional:

1 1
J(u) = 2/Q (VU + ?) — p+1/g P ue HY(Q),

where u; = max(u, 0).
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Profile function

@ We will use the solution w of

AwW—-w+wP=0 w>0 inR"

(GS) w(0) =max w(y), w— 0 atoo.
yeRn

to build up the approximate solution for (LNT).
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Approximate Solutions

Configuration space:

m?ni;éj Qi — Q| > pe, }

mlniJvd(Qf’aQ)S(sc ’QI - Qj*| Z pPE
(1.6)

Ne={(@r, Q) et

where Q7 = Q; +2d(Q;, OQ)yéj.
For Q € Q, define w. q to be the unique solution of

Av—v+w( — 9)”:0 in Q., ov =0 on 99Q..
€ ov
Approximate solution: for Q = (Qy, -+, Qk) € Ak,
k
W.q =) W.q, X€Q.. (1.7)
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Lyapunov-Schmidt reduction

Using Lyapunov-Schmidt reduction, one can find a solution
U= W, q + ¢€,Q:

A(WE’Q +9) - (WE’Q +o)+ (W&Q +0)P = Zi:1,~~~ JKj=1,-,n CijZjj
9 —0, on O
Jo.0Zj=0 fori=1,--- k, j=1,---,n,

for p large.

HhH*fsup|Zw’7 “Th(x)|, for0 <5 < 1.

xXeQ.
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Maximization Problem

Fix Q € A, we define a new functional M. : Ay — R by
Mé(o) = JE(US,Q) = Js[Wa,Q + ¢5,Q]- (1 8)

Define
Cir = max{M.(Q)}. (1.9)
Qe

Lemma : If Qi is a critical point of M.(Qx) in A, then
U:. @, = W.q, + ¢-,q, is a critical point of the energy functional
J-(u), i.e. a solution of equation (LNT1).
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Maximization Problem

Proposition 1 :
(R) Ciyy 2 Ci+ l(w) + O(e~(1+90),

for some ¢ > 0 independent of k, p, e, and /(w) is the energy of

1 1
(w :/ Vw2 +w?) - —— [ wPt!, 1.10
(w) Rn(| | ) P e (1.10)
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Maximization Problem

Remark: We need to compare J.(u, q,.... q,,,) @nd
J5(u8701,“',ok)'

Ua,Q1,-~~,Qk+1 = U&,Q1,"‘,Qk + u87ok+1 + 99k+1' (1'11)

One can get ||k« < Ce‘igp, if we use this estimate to
estimate the L2 norm of ¢, 1, we get

/ loks1? < Ce‘(”f)p/ W2 < Cke (149,
Q. Q.

This estimate depends linearly on k.
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The Secondary Lyapunov-Schmidt Reduction

Lemma : It holds
(K)/Q (Vo1 !2 + goi_H) < Ce*(1+£)p7

for some constant C > 0, > 0 independent of ¢, p, k and
Q 6 /\k+1 .

AO, Weiwei Refined Finite-dimensional Reduction



Introduction

Main Results
Sketch of the Proof
Other Applications

|dea for the Key Lemma

To prove (K), we need to perform a further decomposition of the
function ¢k 1.In the proof, we perform a secondary
Lyapunov-Schmidt reduction.

Lok =S+ > cZ (1.12)
=1, k+1,j=1,,n
for some constants {¢;}, where
L=A—14pWrT,

W P_WP .
et { W2 i g # 0

WP—1’ if Pk+1 = 07

- p_ P P
S= (U0, ,q t Ue,q))” — U Uz Q. r
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Around each spike, we project ¢y, 1 into the orthogonal space
of the unstable eigenfunctions and kernels.

k+1

P =V Goi+ S d&Z  (1.13)
i=1

=1, k+1 7‘/':1 ;e

for some ¢;, dj such that
/ wb,-dx:/ YZidx =0, i=1,.. k+1,j=1,..,n. (1.14)
Q. Q.

In this way, we obtain a linear operator which is positively
definite, i.e.

/ (L)) > Goll Y2 q.)
Qe

AO, Weiwei Refined Finite-dimensional Reduction



Introduction
Main Results

Sketch of the Proof
Other Applications

Thus we need to estimate three components of ¢, 1: the
coefficients of projections to the unstable eigenfunction c¢; and
kernels dj;, and the orthogonal part .

k-1
Loy oloe Y 4iz-5 Y oz
i=1 i=1, k+1,j=1,--- N i=1, k+1,j=1,--- N

(1.15)
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Estimate of dj :

¢k+1 = ¢8,Q1,"' 7Qk+1 - ¢€,Q1,"' Q ¢6,Qk+17 (1 16)

dj = /‘Pk-HZij
Q.

= /Q (¢E,O1,“‘ 7Ok+1 - QZ)E:O‘]?'" 7Ok - ¢E7Ok+1 )ZU

= _/ ¢8vok+1z’j
Qe

19— Q1] ]
T——=  fori=1,--- k

Qi — Q1]
n——+

|dj| < ce™ (192 e~
_ Pk
|Ghe1] < ce™ (92377 e

for some n > 0.

(1.17)
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Estimate of ¢; : Multiply the above equation (1.15) by ¢;.

/Qsqu, )or = - Zdu/ L(Zy)si+ /qu, /ngb,,

| @one=-x [ o ron. (g

Qe

Q—Q
lcil < co—(1+6)5 g—n =2

1Qi—Q
|Ck+1‘ < Cei(1+£)g Z¢:1 e € + e_gp”wH,.p(BB(M))’
2 £
(1.19)
forsome n > 0,¢ > 0.
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Estimate of ¢:

/Q =L(6)6] = coll¥lBna,)

[y < C(Z|dij’ +e72(1H) 4 ISl i2(q.))- (1.20)
i

N

lokrllin@y =< c(e 8 + (|| 2) (1.21)
ce 501+

IN
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Using the relation (R) between Cj and Cj_ ,, we have the
following:
Proposition: The maximization problem

max M.(Q) (1.22)
Qe

has a solution Q¢ € A, i.e., the interior of A.
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Remark 2:

@ As to the solution to (LNT) in the theorem , an interesting
problem is to study the homogenization of the measure
£~"|Vul?dx. We expect that it will approach some kind of
Lebesgue measure. As ¢ — 0, the locations of the
maximum points should approach to some sphere-packing
positions.
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Remark 2:

@ As to the solution to (LNT) in the theorem , an interesting
problem is to study the homogenization of the measure
£~"|Vul?dx. We expect that it will approach some kind of
Lebesgue measure. As ¢ — 0, the locations of the
maximum points should approach to some sphere-packing
positions.

@ We consider the interior spike solutions. A natural and

interesting question is whether we can get similar result for
the boundary spike solutions O( EHL ).
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Other Applications

Nonlinear Schrodinger Equation:
Au—V(X)u+uP =0, u>0 inR", ueH(R"), (1.23)

Equation (1.23) arises in the study of solitary waves in

nonlinear equations of the Klein-Gordon or Schrédinger type,
ih?;f = —RPAY + Vi — [P

Let o) = e~ "M/My(x), then u(x) = 1 (hx), with V(x) = V(hx) — A

will satisfy (1.23).
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Known Results

@ Rabinowitz 92: Existence of least energy solution

0 < inf V(x) < V(x) < lim infV(x),

XeRN |X]—o0

and
V(x) £ lim infV(x)

[X| =00
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Known Results

@ Rabinowitz 92: Existence of least energy solution

0 < inf V(x) < V(x)< lim infV(x),

X€ERN | x| =00

and
V(x) # lim inf V(x)
[X| =00
@ Bahri and Li 90: Existence of positive solution using

minimax methods under a suitable decay condition on V at
infinity.
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@ For multiplicity of positive solutions of (1.23):

Coti-Zelati and Rabinowitz 92: Existence of infinitely many
positive solutions, when V is a periodic.
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@ For multiplicity of positive solutions of (1.23):

Coti-Zelati and Rabinowitz 92: Existence of infinitely many
positive solutions, when V is a periodic.

@ Wei and Yan 2010: Existence of infinitely many non-radial
positive bump solutions for (1.23) under the following
assumption at infinity:

V(x) = V(Ix]) = Vot 2 +O(—
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@ For multiplicity of positive solutions of (1.23):

Coti-Zelati and Rabinowitz 92: Existence of infinitely many
positive solutions, when V is a periodic.

@ Wei and Yan 2010: Existence of infinitely many non-radial
positive bump solutions for (1.23) under the following
assumption at infinity:

V(x) = V(Ix]) = Vot 2 +O(—

@ Del Pinol, Wei and Yao 2013:

a 1

V(x) = Voo + | x|m + O(|X|m+o

), m>1,V,,a0>0.
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Cerami-Passasseo-Solimini (2012) developed a localized
Nehari’s manifold argument and localized variational method to
prove the existence of infinitely many positive solutions of the
following equation

{ Au—(1+6V)u+uP=0 inR”

u>0inR" ue H' (R (1.24)

where the potential V satisfies suitable decay assumption and
p is subcritical for 6 small.

V(x) — 0 as |x| — oo,
30 <7< 1,limpy 0 V(x) 61X = oo, (1.25)
SupXGR” H VHLg(B1(X)) <0
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{ Au—(1+6V(x)u+f(uy=0 inR" (1.26)

u>0inR" ueH'(R"
Assumption on f:

(f;) f:R — Ris of class C'* for some 0 < o < 1 and
f(uy=0foru <0, f(0)=0.
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Au—(1+dV(x))u+fluy=0 inR" (1.26)
u>0inR" ueH (R '
Assumption on f:
(f;) f:R — Ris of class C'* for some 0 < o < 1 and
f(uy=0foru <0, f(0)=0.
() The equation
Aw—w+f(w)=0, w>0in R" (1.27)
w(0) = maxycrn W(y), w = 0as |y| = oo ’

has a non-degenerate solution w.
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Assumption on V:

(H2) 3 0<ij<1,limy V(x) e =+00,  (1.28)

(H1) V(x) -0 as x| — oo,
(H3) V is continuous in R".

Theorem 2 (Ao and Wei):

Let f satisfy assumptions (f;) — (2) and the potential V satisfy
assumptions (H1) — (H3). Then there exists a positive constant
00, such that for 0 < § < &g, problem (1.26) has infinitely many
positive solutions.
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Remark:

We note that the function
f(w)=wP —awi, for w>0 (1.29)

with a constant a > 0 satisfies the above assumptions
(A)—(h)if1<g<p< (%)Jr. We should point out that f
need not to be superlinear, only existence and non-degeneracy

are needed. )
w
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A =R" Agi={(Qq,--, Q) eR”klm;nloi—Oj\ > p}, Yk > 1.
i#i

(1.31)
Fixing Qx = (@4, -+ , Qk) € Ak, we define the sum of k spikes
as
k
Wa,...q = Y Wq Where wg = w(x — Q). (1.32)
i=1

AO, Weiwei Refined Finite-dimensional Reduction



Introduction
Main Results

Sketch of the Proof
Other Applications

One can show that there exists a constant pg, such that for
p > po, and § < ¢,, there is a solution u = wq, + ¢q, Of

Au—(14+5V)u+ f(u) = Z c,j i
f]Rn(ZSQkZij:Oa fOI’i:1, 7k7/—17

In the step 5, one need to maximize M (Qx) over Ay, where

M(Qk) = J(uq,) = J[wq, + 9q,]
= 1/ IVul? + (1 +0V)uldx — | F(u)dx,
2 RN RN

where F(u) = [, f(
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In order to get the relation between Cy and Cy. 1, one need to
get the globel estimate of . 1, where

UQ17"',Qk+1 = UQ1,---,QK + WQk+1 + Pk+1-
Lemma 2: There exists po > 0, such that for p > pg and § < c,,,

it holds
k

L9+ ekin) < Ce Y w(Quis - Q) (133
i=1

+CH([ VEwE, /R Viwg,,,d)?)

for some constants C > 0,¢ > 0 independent of p, k and
Qxi1 € Nyt
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Proposition 2: There exists Qx = (Qq, Qo,--- , Qx) € Ak such
that
Ck = M(Qy); (1.34)

There holds
Cky1 > Cx + h(w), (1.35)

where /1(w) is the energy of the solution w of (1.27):

l(w) = ;/RN(\VWF + w?) — /RN F(w)dx. (1.36)
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@ Mathematical induction.
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@ Mathematical induction.

@ First, we need to show that the maximum points in A, will
not go to infinity. This is guaranteed by the slow decay
assumption on the potential V.
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@ Mathematical induction.

@ First, we need to show that the maximum points in A, will
not go to infinity. This is guaranteed by the slow decay
assumption on the potential V.

@ Second, we have to detect the difference in the energy
when the spikes move to the boundary of the configuration
space. We have to detect the difference in energy between
the k-spikes energy and the k + 1-spikes energy.
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Nonlinear Schrodinger system:
~Au+ (1 +d0a(x))u=pmu+pveu . .,
{ —AV+ (14 6b(X))V = pav® + BuPv n R (1.37)

for n < 3, where u1, u2 and § are positive constants, 8 € R and
the potentials a(x), b(x) are continuous functions satisfying
suitable decay assumption, but without any symmetry property.

Peng and Wang 2013: They proved the existence of infinitely
many solutions of synchronized type to (1.37) for radially
symmetric potentials a(|x|), b(|x|) satisfying some algebraic
decay assumption.
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Assumption on a, b:

(H5) a(x), b(x) =0 as |x| — o0, a(x),b(x)>0 as |x| — oo,
(Hy) 30 <<, limy_(aa(x)+~v2b(x))eT™ = +((1>O:738)

{ (H;) a(x), b(x) are continuous functions in RN,

_ p1—B8
where a = ,/ MZ 62 and v = P

Theorem 3 (Ao and Wei)

Let potentials a, b satisfy assumptions (H;) — (H;). Then there
exists * > 0, and dg > 0, such that for

B e (=B*,0)U (0, min{uy, pz}) U (Max{u, pa},00), and
0 < § < dp, system (1.37) has infinitely many positive solutions.
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_ 3 2
{ oty T ey (1:39)
It is easy to see that the following pair
(U, V) = (aw,yw) (1.40)
solves (1.39) provided that 5 > max{ 1, po} or
— /2 < < min{uq, o}, where
Mf‘;z__ﬁﬁz>o,y: M>O' (1.41)
and w is the unique solution of
Aw —w+ w? =0,
{ w(0) = max,cun w(y), w(y) - 0as ly| +oco. 42
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Lemma

There exists 8* > 0, such that for

B € (—p*0)U (0, min{uq, uo}) U (max{pu1, u2},0), (U, V) is
non-degenerate for the system (1.39) in H'(R") in the sense

that the kernel is given by
ou oV

Span{(5—, 5/
0x;” 0X;

=1, ,n}.

(1.43)
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Thank You!
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We first analyze w, q. To this end, set

29 wald) (1.44)

We state the following lemma on the properties of ¢, q:

Pe,Q = W(

Lemma

There exists g small enough, and pq large enough, such that
for0 < e < eg,p > po, and Q € Q such that

ce <d(Q,00) < Cellne|, where ¢ > 5, C > 0 are constants,
we have

1 -
I

%@=4%+O()W( ) + O(e™2?). (1.45)

Back
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(KS1) ut = DiAu — xV - (uVe(v)) in Q x (0,400),
(KS2) Vi = DoAv + k(u,v)in  Q x (0,+00),

(1C) ux,0)=up >0, v(x,0)=vw>0in Q,

(BC) Z“=0=%on 09,

where Dy, D> and x are positive constants; ¢ is the so-called
sensitivity function which is a smooth function such that
¢'(r) > 0 for r > 0; k is a smooth function with k, > 0 and
k, <O0.
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¢(v) =Invand k(u,v) = —av + bu,

DiAu—xV - (uVinv)=0 in  Q,
DoAv —av+bu=0in €,
U=0=9%0on 09,

Q7" [ u(x)dx =T,

(u,v) = (O, v) with v = a~'bi is a solution.

(1.46)
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The first equation: V - {D;uV[Inu — XD(1 Inv]} = 0 and using
boundary condition we see that u = AVDr for some positive
constant A. Thus (1.46) is equivalent to the following system for
(v, A):

D:Av —av+bav? =0in Q.

% —-0on 09, (1.47)

Q71 [, v(x)dx = V.

2= 2y = (a'bN)7, and w(x) =7 - v(x),

ke
I
O

ECAW—w4+wP=0 in Q E;"V":o on 9Q, (1.48)
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Conversely, if w is a positive solution to (1.48) then

u(x) = \Q]U(/prdx>_1wp(x)

and
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u=dAu—u+4% in Qx[0,T),

va
Vi=hAv—v+Lin Qx[0,T), (1.49)
U—0=25%on 02x[0,T),

where u, v represent respectively the concentrations of two
substances, activator and inhibitor.
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diAu-u+Y% =0 in Q
bAV—v+L =0in Q (1.50)
Gu—-0=2%"0on 0.
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Heuristically, v approaches a constant ¢ > 0 as d» — +o0, and

we are led to the shadow system of (1.50):

hAU—u+ % =0inQ,
—E+£7°Q 7 [ uTdx =0,
gy — 0 on 0.

Writing w(x) = u(x)g_p%, we see that w satisfies

diAw—-w+wP=0 in Q, a—W:O on 09,

ov
Back
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